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We combine the hierarchical equations of motion method and the equation-of-motion phase-matching
approach to calculate two-dimensional electronic spectra of model systems. When the laser pulse is short
enough, the current method reproduces the results based on third-order response function calculations in
the impulsive limit. Finite laser pulse width is found to affect both the peak positions and shapes, as well
as the time evolution of diagonal and cross peaks. Simulations of the two-color two-dimensional elec-
tronic spectra also show that, to observe quantum beats in the diagonal and cross peaks, it is necessary
to excite the related excitonic states simultaneously.
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1. Introduction

During the past decades, two-dimensional electronic spec-
troscopy (2DES) [1–3] has evolved into an important tool to study
excitation energy transfer (EET) dynamics in various types of
molecular aggregates [4–14]. For example, following the initial
study of EET dynamics in the Fenna-Matthews-Olson (FMO) com-
plex [4], coherent energy transfer has been observed in various
photosynthetic light harvesting systems, including the FMO com-
plex [5], the PE545 and PC645 complexes from the marine crypto-
phyte algae [6,7], the light-harvesting complex 2 (LH2) from purple
bacteria [8], the light harvesting complex II (LHCII) [9] and reaction
center of photosynthetic system II (PS II) [11,12] from higher
plants. Besides the photosynthetic light harvesting complexes,
2DES has also been applied to study exciton dynamics in organic
semiconducting polymers [15] and inorganic nanocrystals
[16,17], as well as ultrafast singlet fission in organic semiconduc-
tors [18].

Theoretical simulation of the 2DES plays an important role to
interpret the experimental findings, as well as to extract structural
and dynamical information from the 2DES [19,20]. An important
challenge in simulating the EET dynamics and 2DES in various
types of molecular aggregates lies in the so called intermediate
coupling regime, where traditional perturbative theories becomes
invalid [21]. A powerful approach to solve this problem is the hier-
archical equations of motion (HEOM) method, which is a nonper-
turbative, non-Markovian exact numerical method [22–26], and
has been successfully applied to simulate the EET population
dynamics [27,28], as well as simulations of different types of spec-
troscopic signals [29–35].

In many of the previous calculations [30–32,36–38], the optical
response function (ORF) method [39] developed by Mukamel and
co-workers has been used. In these calculations, it is often assumed
that the laser pulses can be treated within the impulsive limit (i.e.,
the laser pulses are much shorter than any relevant molecular time
scales, and overlaps of laser pulses can be neglected). This approx-
imation becomes invalid when there is a temporal overlap
between the laser pulses, and when the fast time scale of the sys-
tem is comparable to the laser pulse width. It is possible to con-
volve the impulsive ORFs and the laser pulses with finite width
to obtain the signals [39]. For example, by using the ORF approach,
Abramavicius et al. [40] studied how to reconstruct broad band-
width 2D spectra using finite bandwidth signals.

Besides the ORF approach, there is a different method to obtain
various types of nonlinear spectroscopic signals based on direct cal-
culation of the molecular polarizability [41]. In this method, quan-
tum dynamics of the molecular system is simulated by including
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the electromagnetic field explicitly, and specific spectroscopic sig-
nals are obtained by combing results using pre-defined sets of pulse
sequences with different phase factors. In the literature, the pump-
probe signal [41], as well as the 2D signal [42,43] can all be calcu-
lated using this method. The direct simulation approach has the
advantage that it can go beyond the assumption of weak light-
molecule interaction, and the real time dynamics of the molecular
system can be monitored. More recently, Gelin and coworkers have
further simplified the calculation of 2D signals within the frame-
work of the rotating wave approximation (RWA) [44]. The resulted
equation-of-motion phase-matching approach (EOM-PMA) has the
advantage that it allows efficient simulation of the 2D spectra with
arbitrary pulse durations and pulse overlap effects.

In this work, we combine the HEOM with EOM-PMA to study
the 2D spectra of model dimer systems. For simplicity, the new
method will be referred as HEOM-PMA throughout the paper.
We first examine the results of HEOM-PMA by comparing with
those from the ORF framework. The new method is then used to
study the effect of finite laser pulse width on the 2DES. We demon-
strate that both the peak positions and shapes of the 2DES will be
effected by the pulse width under certain conditions. The HEOM-
PMA is also applied to calculate the two-color 2DES, where we
show that, to observe quantum beats in the 2DES, it is necessary
to create superposition of excitonic states.

2. Theoretical methods

2.1. Model Hamiltonian

To simulate the 2DES of a multichromophoric system as in the
photosynthetic light harvesting complexes, we employ the follow-
ing total Hamiltonian that describes a molecular system coupled to
an electromagnetic field:

HT ¼ Hmol þ Hint; ð1Þ
where Hmol is the molecular Hamiltonian, and Hint describes the
interaction between the molecular system and the laser field.

The molecular Hamiltonian Hmol was considered as a Frenkel-
exciton model with N two-state chromophores coupled to a pho-
non bath,

Hmol ¼ He þ Hph þ He�ph: ð2Þ
Here, the excitonic Hamiltonian He describes the electronic degrees
of freedom,

He ¼
XN
m¼1

�maymam þ
XN
m¼1

X
n<m

Jnmðayman þ aynamÞ; ð3Þ

where �m is the site energy of themth chromophore, Jmn is the inter-
chromophore electronic coupling, aym and am are the creation and
annihilation operators of the electronic transition on the mth chro-
mophore. The Hamiltonian of the nuclear (phonon) degrees of free-
dom Hph is given by

Hph ¼
XN
m¼1

XNm
b

j¼1

p2
mj

2
þ 1
2
x2

mjx
2
mj

 !
; ð4Þ

where Nm
b is the number of vibrational modes belonging to chro-

mophore m; xmj and pmj are the position and momentum of the jth
harmonic oscillator bath mode with frequency xmj. The electron-
phonon (or electronic-vibrational) coupling term He�ph cause site
energy fluctuations that are independent for each molecule

He�ph ¼
XN
m¼1

XNm
b

j¼1

cmjxmjaymam ¼
XN
m¼1

Fmaymam; ð5Þ
where the collective bath coordinate Fm is defined as

Fm ¼PNm
b

j¼1cmjxmj. The spectral density JmðxÞ is used to characterize

electron-phonon interaction on the mth chromophore, which is
defined as

JmðxÞ ¼ p
2

XNm
b

j¼1

c2mj

xmj
dðx�xmjÞ: ð6Þ

The light-molecule interaction Hamiltonian is written as

Hint ¼ �l � EðtÞ; ð7Þ
where l is the total dipole operator that expressed via the transi-
tion dipole moments of individual molecules lm according to

l ¼
XN
m¼1

lmðam þ aymÞ ¼ X þ Xy; ð8Þ

where

X ¼
XN
m¼1

lmam: ð9Þ

The laser pulses are treated as classical electromagnetic field,
and the time-dependent electric field is described as

EðtÞ ¼
X3
n¼1

½Enðt � snÞ expf�iðxnt � kn � rÞg þ c:c:�ên; ð10Þ

where Enðt � snÞ is the laser pulse profile, xn is the frequency of
the pulse, kn is the wave vector, and ên is the unit vector repre-
senting the polarization of the electric field. In this work, we adopt

a Gaussian pulse profile EnðtÞ ¼ exp½�4 � ln 2 � ðt � snÞ2=s2p�, where
sn is the envelop central time, and sp is the pulse duration defined
by full width at half maximum (FWHM) of the pulse amplitude,
corresponding to a FWHM of 4 ln2=ðpcspÞ in the frequency
domain.

2.2. The HEOM method

In this study, the coupling phonon bath spectral density JmðxÞ is
assumed to be the same for all chromophores, and the Debye type
spectral density is used,

JðxÞ ¼ gcx
x2 þ c2

; ð11Þ

which assumes the overdamped Brownian motion for the energy
gap fluctuations in the classical (high temperature) limit.

In the HEOM formalism, the correlation function of the collec-
tive bath coordinate Fm; CmðtÞ ¼ heiHphtFme�iHphtFmi, is first written
into a sum of exponential terms:

CmðtÞ � CðtÞ ¼
X1
k¼0

cke�ckt : ð12Þ

For the above spectral density in Eq. (11), we have
c0 ¼ c; ck ¼ 2kp=bðk � 1Þ corresponding to the Matsubara
frequencies,

c0 ¼ gc
2

½cotðbc=2Þ � i�; ð13Þ

and

ck ¼ 4kpgc
ð2kpÞ2 � ðbcÞ2

; k P 1: ð14Þ

The non-perturbative HEOM can then be written as [22–26]
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Fig. 1. Absorption spectrum of model dimer at 77 K (solid black) and three different
laser pulse (amplitude) spectral profiles used in the simulations.
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d
dt
qn ¼ � iLþ

XN
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X
k

nmkck

 !
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Fig. 2. Simulated 2D electronic spectra for the model system at different population time
5 fs pulses; (c) the HEOM-PMA with 100 fs pulses.
where Lq ¼ ½He � l � EðtÞ;q�. The subscript n denotes the set of
index n � fn1;n2; � � � ;nNg, nN ¼ fnN0; nN1; � � �g, and n�

mk differs from
n only by changing the specified nmk to nmk � 1. The q0 with
0 ¼ ff0;0; � � �g; � � � ; f0;0; � � �gg is the system reduced density opera-
tor while the other qns are the auxiliary density operators (ADOs).

More details on applying the HEOM approach to calculate vari-
ous types of spectroscopic signals can be found in Refs. [29–35].

2.3. The equation-of-motion phase-matching approach

Within the EOM-PMA approach under the RWA [44–46], the
third-order polarization for the rephasing signal in the
ks ¼ �k1 þ k2 þ k3 direction is calculated by simultaneously prop-
agating three auxiliary density matrices q1ðtÞ;q2ðtÞ, and q3ðtÞ,

Pð3Þ
rp ðtÞ ¼ hX � ê4½q1ðtÞ � q2ðtÞ � q3ðtÞ�i: ð16Þ

where the bracket h� � �i denotes the average over the electronic
degrees of freedom, X is the transition dipole operator defined in
Eq. (9), and ê4 represent the signal orientation, which is assumed
to be the polarization vector of the fourth local oscillator pulse.

In the original EOM-PMA approach, approximatemethods based
on second order perturbation are used to calculate theq1;q2, andq3

terms [44–46], while in this work, they are calculated by employing
the HEOMmethod. In calculating the three auxiliary terms, the only
difference to Eq. (15) is to replace the light-molecule interaction
T. (a) The response function method in the impulsive limit; (b) the HEOM-PMA with
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Fig. 3. Oscillatory patterns of the amplitudes of the four major peaks in the 2D electronic spectra of the model dimer, calculated using the ORF method in impulsive limit, the
HEOM-PMA with 5 fs pulses and 100 fs pulse, respectively.
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term l � EðtÞ with proper combinations of new operators
Vn ¼ X � ênEnðt � snÞeixnt and V y

n ¼ Xy � ênEnðt � snÞe�ixnt [44–46].
Following the analysis in Refs. [44–46], it can be shown that Eq.
(16) gives the correct third order rephasing signal.

It is noted that the coherence time and population time of 2DES
are obtained by s ¼ s2 � s1 and T ¼ s3 � s2 while VnðtÞ depends on
the pulse center sn. To calculate the third order non-rephasing sig-
nal Pð3Þ

nr ðtÞ, we just need exchange the order of the first two laser
pulses, i.e., s ¼ s1 � s2. With the prescription for the calculation
of Pð3Þ

rp ðtÞ and Pð3Þ
nr ðtÞ, the 2D spectrum is then given by double Four-

ier transform the photon echo polarization field with respect to s
and t0 ¼ t � s3 [43,46,47],

Srpðxs; T;xtÞ ¼ Re
Z 1

0
ds
Z 1

0
dt0e�ixsseixt t0 	 iPð3Þ

rp ðs; T; t0Þ; ð17Þ
Snrðxs; T;xtÞ ¼ Re
Z 1

0
ds
Z 1

0
dt0eixsseixt t0 	 iPð3Þ

nr ðs; T; t0Þ; ð18Þ

Sðxs; T;xtÞ ¼ Srpðxs; T;xtÞ þ Snrðxs; T;xtÞ; ð19Þ
where xs is the excitation frequency, and xt is the detection
frequency.

Unlike the ORF method, the HEOM-PMA does not need to calcu-
late a multiple dimensional integral through convolution with the
impulsive ORFs. So within the HEOM framework, the computa-
tional cost of the HEOM-PMA could be up to three times when
comparing to the ORF method, as three separated simulations are
needed in Eq. (16). The current method used in this work is also
limited to weak light-molecule interaction, but it still has the other
advantages of the direct simulation approach, such us directly
monitoring the system dynamics.



Fig. 5. Two-color 2D spectra of the model dimer calculated with HEOM-PMA at different population time T. The pump and probe laser pulses are 150 fs and 5 fs in width,
respectively.
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3. Results

The above presented HEOM-PMA is applied to investigate the
case of a model dimer. The parameters used in the simulation
are the same as in our previous paper [30]. The two two-level chro-
mophores transition energies are e1 ¼ e0 � 50 cm�1 and
e2 ¼ e0 þ 50 cm�1 where e0 is the average of the transition ener-
gies, J12 ¼ 100 cm�1, c�1 ¼ 100 fs, and g ¼ 120 cm�1 corresponding
to reorganization energy of 60 cm�1. The transition dipoles of the
two monomers are assumed to be perpendicular to each other
and the temperature is 77 K. The static disorder is assumed to be
independent for the two sites, and described by a Gaussian distri-
bution with a FWHM of 100 cm�1. Fig. 1 shows the absorption
spectrum of model dimer and frequency domain profile of laser
pulse amplitudes used in the simulations. All the 2D spectra were
obtained by averaging over 1000 samples.

Firstly, we compare the 2D spectra calculated using the HEOM-
PMA and the ORF method in the impulsive limit. To compare with
the ORF results, we use the three pulses all of 5 fs in duration width
(dotted line in Fig. 1) in the HEOM-PMA simulation. As shown in
Fig. 1, the spectral profile of the 5 fs pulse is wide enough such that
we expect that it should give the same result as in the impulsive
limit.

Fig. 2(a) and (b) shows the 2D spectra calculated using the ORF
method in the impulsive limit, and the HEOM-PMA with 5 fs pulse
at different population time T, respectively. The shapes of the 2D
spectra calculated from the two different approaches are nearly
identical. We have also calculated the oscillatory patterns of the
four major (two diagonal and two off-diagonal) peaks in the 2D
spectra, which is present in Fig. 3, where DP1 and DP2 indicate
the lower and higher diagonal peaks, CP21 and CP12 indicate the
lower right and upper left off-diagonal peaks. We can see that
the oscillatory patterns for all the four peaks from the EOM-PMA
agree very well with those from the ORF method.
The case of finite laser pulse width is then investigated. For this
purpose, we choose laser pulses that can cover the two absorption
peaks of the model dimer, but is not broad enough to cover the
whole absorption spectrum. The laser pulse used in the HEOM-
PMA simulation is 100 fs pulse as show in Fig. 1. The FWHM of
the pulse is 294 cm�1 which is smaller than the 400 cm�1 of the
FWHM of absorption spectrum. In this case, as show in Fig. 2(c),
the diagonal and cross peaks of the 2D spectra are shifted and com-
pressed when comparing to the results of 5 fs pulse. We also calcu-
lated the oscillatory patterns of the four major peaks, and the
results are shown in Fig. 3. It can be seen that, the evolution of
the peak amplitudes is similar to the results with 5 fs pulse, but
the oscillations decays slightly faster for the long population time.
Such shift and distortion of the 2DES peaks have also been
observed in recent experiments. For example, Harel et al. studied
the 2DES of the LH2 complex in purple bacteria [8], where the laser
spectrum overlaps more with the B800 band absorption than the
B850 band. As a result, the B800 peak in the 2DES is not affected,
while the B850 peak is shifted to higher energy and distorted, as
shown in Fig. 2 in Ref. [8].

To quantitatively analyze the extent of compression and distor-
tion with the pulse width, we calculated a series of 2D spectra at
T ¼ 0 fs with different pulse widths. The diagonal peak positions
with different laser pulse width are plotted in Fig. 4(a). We can
see that the two diagonal peaks shift towards to the center
frequency of the laser pulses as the pulse width became narrower.
When the laser pulses become longer, besides the reduced peak
widths due to the finite bandwidth effect, the peaks are also
rotated slightly. The angle between the line connecting the two
diagonal peaks and the xt axis at different pulse durations is
plotted in Fig. 4(b). Further inspect of the third order response
function data indicates that this is due to pulse overlap effect when
the length of the laser pulses becomes comparable with or longer
than the dephasing time.
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Since the EOM-PMA automatically include effects of finite pulse
width, we investigate a case that the first two pulses are the same
with a relatively narrow bandwidth to pump and the third pulse
with broad bandwidth to probe the sample, which corresponds
to the situation in several recent two-color 2DES experiments
[13,14,48–50]. We use the pump laser pulse of 150 fs in width.
As shown in Fig. 1, the corresponding FWHM is 196 cm�1. The
probe laser pulse is 5 fs in width, which is wide enough to cover
the whole absorption spectrum. Fig. 5 shows the two-color 2D
spectra at different population time T. At population time
T ¼ 0 fs, the right part of the simulated spectra resembles the
results in Fig. 2 for the impulsive limit and the 5 fs pulses, but
the lower diagonal and upper left peaks are missing, because the
lower excitonic state is not excited. Since the probe pulse is wide
enough, the lower right peak persist, and its time evolution indi-
cates excited state absorption at short times, and energy transfer
from the higher to lower excitonic state at longer times. We have
also plotted in Fig. 6(a) the evolution of the amplitude of the diag-
onal (DP2) and cross (CP21) peaks as a function of the population
time, and found that the oscillations vanish when comparing with
the results in Fig. 2. To investigate the effect of pulse width on the
quantum beat signals observed in the peaks of the 2D spectra, we
calculated the time evolution of CP21 peak in the two-color 2D
spectra using different durations for the pump pulse in resonance
with the upper excitonic state and a broadband probe pulse. The
results are shown in Fig. 6(b). It can be seen that, the quantum
beats gradually emerge when the pump pulse duration becomes
shorter. In general, the pump pulse bandwidth should be larger
than half of the energy gap between the two excitonic states to
better observe quantum beat signals in the CP21 peak.

In a different setup, we have also calculated the case where the
150 fs laser pulse excites the lower excitonic state, and the probe
pulse still covers the whole absorption spectrum of the model
dimer. The simulated 2DES are shown in Fig. 7. In this case, the
upper diagonal peak and the lower right cross peak disappear,
and the upper left cross peak provides primarily the information
of excited state absorption, since the contribution due to the
population time T. The parameters are the same as in Fig. 5, with the only different
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energy transfer process from the lower excitonic state to the higher
one is small. The time evolution of the amplitude of the diagonal
(DP1) and cross (CP12) peaks is shown in Fig. 8. Again, no oscilla-
tions are observed. The lacking of quantum beats in Figs. 6(a) and 8
are due to the fact that, the pump pulses are too narrow that the
superposition of different excitonic states is not created.
4. Conclusions

In conclusion, we combined the HEOM with EOM-PMA to sim-
ulate the 2DES. As expected, when the spectral profile of the laser
pulse is wide enough, the new HEOM-PMA gives identical results
when comparing to the ORF method in the impulsive limit. The
HEOM-PMA is then used to investigate the effects of finite laser
pulse width on the 2DES. It is shown that, peaks in 2DES may be
shifted and distorted when the absorption spectrum is not covered
uniformly by the laser spectral profile, and evolution of the ampli-
tude of the diagonal and off-diagonal terms may also be affected.
Further simulations of the two-color 2DES show that, in order to
observe quantum beat signals in the 2DES, the laser pulse spectral
profile should cover different peaks to create superposition of exci-
tonic states. These findings may be of interest in designing new
two-color 2DES experiments to study specific EET pathways.
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